Abstract-Optoelectronic oscillators (OEOs) are microwave photonic systems intended to generate ultra-pure radio-frequency signals for aerospace and communication engineering applications. Typically, a long optical fiber delay line is inserted in the feedback loop as an energy storage element intended to improve the phase noise performance. An ultra-high Q whisperinggallery mode resonator can be inserted as well in order to filter-out the spurious ring-cavity peaks arising in the radiofrequency spectrum. However, dynamical instabilities induced by a relatively large delay have never been analyzed for these OEOs. In this paper, we systematically investigate the stability of the generated microwaves as a function of the effective OEO loop gain and delay. We find that close enough to the oscillation threshold, the generated microwaves are unconditionally stable, but as the gain is increased, their stability becomes dependent on the ratio between the time delay and the overall photon lifetime of the resonator. Our results allow an optimal design for these OEOs, leading to both enhanced spectral stability and phase noise performance.
300 GHz (also called microwaves) can be efficiently generated using optoelectronic oscillators (OEOs) [1] [2] [3] [4] . Most of the microwave applications demand very high spectral purity. To achieve this goal, different energy storage elements have been inserted into the various OEO architectures in order to obtain such microwave sources. The traditional solution is to use long fiber-delay lines (generally up to 4 km of fiber length) inserted into the feedback loop to achieve a high-quality factor [2] [3] [4] [5] [6] [7] [8] . However, despite their excellent stability performances, these optical delay lines introduce strong spurious ring-cavity peaks at integer multiples of the round-trip frequency [7] . For the reduction or suppression of these peaks, different architectures such as dual-loop configurations [9] [10] [11] [12] [13] , or injection locked systems [14] , [15] have been proposed.
Alternatively it has been proposed to replace, in the OEO loop, the fiber delay-line by a whispering-gallery mode resonator (WGMR) with ultra-high Q-factor [1] , [16] [17] [18] . Besides being an efficient technique to circumvent the emergence of the spurious ring-cavity peaks, it also has been demonstrated that the microwaves generated using WGMR-based OEOs are unconditionally stable in the technologically achievable range of parameters [18] .
In order to further improve the spectral purity of the microwave sources, we have recently studied an OEO in which a long optical fiber delay line and a WGMR with an ultrahigh Q-factor are simultaneously inserted in the feedback loop [19] , [20] . Compared to the results for traditional OEOs [2] [3] [4] , [7] , [8] and those for WGMR-based OEOs without delay lines [1] , [18] , OEOs with both a WGMR and a long delay line display a stronger rejection rate for spurious peaks with ultra-low phase noise. However, oscillatory instabilities are possible if the delay is too large [21] , [22] . Previous investigations of the WGMR-based OEOs have not considered the time delay in the OEO loop. In real OEO systems, this time delay can vary from few nanoseconds to several tens of microseconds due to the optical fibers connecting the different stand-alone components. It is therefore essential to investigate the stability conditions under which WGMRs and long fiber delay lines can be simultaneously used. Because we are dealing with delay differential equations, such stability analysis is not a routine application of standard linearization techniques.
Our main objective is to determine analytical informations on the stability of a steady output in terms of the gain 0018-9197 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. Experimental setup as used in [18] [19] [20] . SL: continuous-wave semiconductor laser, MZM: Mach-Zehnder modulator, PD: photodiode. The optical path is in red, while the electric path is in black.
and delay of the feedback loop. Our results will then be substantiated by numerical simulations of the original rate equations.
We first describe the system under study in Sec. II. Then, we derive the model for the microwave envelope in Sec. III. In Sec. IV, we analytically derive the stationary states and investigate their stability while Sec. V is devoted to numerical simulations. Finally, Sec. VII summarizes our main conclusions.
II. THE SYSTEM
The WGMR-based OEO architecture studied in this work has been introduced in [18] [19] [20] . Its schematic structure is shown in Fig. 1 . It is composed of a continuous-wave semiconductor laser which emits a constant power P 0 around 1550 nm. This power seeds a Mach-Zehnder modulator (MZM) having a bias and a radio-frequency (RF) input voltages V B and V (t), respectively. The RF and the DC half-wave voltages of the MZM are V π R F and V π , respectively. The MZM output signal travels through an optical fiber (with a length which can vary from few meters to several kilometers) before being coupled into a WGMR. Then the WGMR output is subsequently detected by a photodiode and fed into a narrowband radio-frequency (RF) filter with a central frequency 0 and −3 dB bandwidth . The output signal of the filter is finally amplified and fed back to the MZM RF electrode to close the loop. In such a system, the effective quality factor Q at the laser wavelength is defined by the intrinsic, excitation (in-coupling) and drop (out-coupling) photon lifetimes τ i , τ e and τ d , respectively. More precisely, Q = ω L τ where τ −1 = τ
d is the inverse of the overall lifetime of the photon in the resonator and ω L is the laser frequency. Note that the inverse of τ is the optical bandwidth which defines the OEO filtering.
III. MODEL
A deterministic model describing the envelope dynamics of the system was introduced in [18] . The relevant variables of the system are the slowly-varying amplitudes of the complex electric field G n (t) attached to different WGMR modes, and the microwave amplitude A(t) = A(t)e iϕ(t ) . They satisfy the following equations:
with A T ≡ A(t − T ) and ϕ T ≡ ϕ(t − T ), where T is the overall time delay accumulated during the signal propagation in the optical path (i.e., the time-delay in the optical path from the MZM output to the photodiode without the resonator). J n is the n th -order Bessel functions of the first kind, n being an integer. v represents the microwave roundtrip phase shift. β = πηG 0 P 0 S/2V πRF is the optoelectronic gain when the effect of the WGMR is not accounted for; G 0 , η and S being the amplifier gain, the losses except in the WGMR and the photodetection efficiency, respectively. Note that amplifierless stable oscillations are possible provided sufficient optoelectronic gain. However, amplifiers are more often used to compensate for losses (mainly in the WGMR). σ = ω L − ω 0 is the detuning frequency between the laser frequency ω L and the central frequency of the pumped mode ω 0 . The term e −inω L T is associated to the static feedback phase introduced by the delay. It can be conveniently set to one as it just shifts the microwave phase ϕ(t). Finally, the term n (φ) is given by
where φ = π V B /(2V π ) is the static phase of the MZM. Note that the dimensionless amplitude A(t) and the real voltage V (t) are linked by
where M is the microwave output angular frequency. Typically, the dynamics of the system depends on the interplay between the filtering and the feedback terms. When the filtering terms dominate the dynamics, there is no microwave emission (the OEO output shows only noise). When the filtering and the feedback terms interplay equally, pure microwaves are obtained. More complex dynamical behaviours such as modulated microwaves are generated when the feedback terms dominate the dynamics. Our aim is to establish the conditions under which pure microwaves are obtained in OEO systems. Such microwaves are found when the non-trivial fixed point associated with Eqs. (1) and (2) is stable. In the next section, we analyze the linear stability of the non-trivial fixed point.
IV. NON-TRIVIAL FIXED POINT AND ITS STABILITY
SettingĠ n = 0 andȦ = 0 and introducing G n = G n e i n and A = Ae iϕ , the non-trivial fixed point of Eqs. (1) and (2) for A is [18] :
where
is the overall gain satisfying > 1. The stability of this non-trivial fixed point can be investigated from the linearized equations. Specifically, we introduce the small perturbations δA and δG n satisfying A = A st + δA and G n = G st n + δG n where |δA| A st and |δG n | G st n . From Eqs. (1) and (2), we find:
In Eqs. (7), R is given by
The eigenvalues associated with Eq. (7) are typically determined by assuming that the perturbations δA + , δA − , δA * + and δA * − are proportional to e λt , where λ ∈ C. In this case, the stability of the non-trivial fixed point is determined by the determinant of the following block matrix
and
Given the structure of the matrix D, the set of its eigenvalues is the union of the eigenvalues of U + V and U − V. All the real parts of the eigenvalues of U − V are negative. Therefore the stability of the system only depends on the sign of the real parts of the eigenvalues of U + V. These eigenvalues can be obtained from the following characteristic equation
Mathematically, the instability occurs at a Hopf bifurcation, i.e, when the real part of λ vanishes. Thus to determine the Hopf bifurcation conditions, we insert λ = i ω into Eq. (11) and separate the real and imaginary parts. We find
Since αα * = (1/τ ) 2 + σ 2 and α + α * = 2/τ , Eqs. (12) can be reformulated as a system of two linear equations with respect to [1 − 4R cos(y)] and 4R sin(y). They are given by
where y = ωT , z = ωτ and k = σ τ . Solving these equations gives
These equations allow to determine both the Hopf bifurcation points, and the frequency of oscillations at these points. In the next sections, we discuss cases of physical interest depending on the range of values of k = σ τ .
The case k ≈ 0 is of particular interest because, for the WGMR to work properly in the OEO, the laser frequency must be tuned and locked to one of the resonant frequency of the WGMR (i.e σ ≈ 0). In addition, we have demonstrated in our previous works that the phase noise performance degrades with the increase of σ [20] . In practice, the laser frequency and the central frequency of the pumped mode can be matched so that |σ | τ −1 . In this case, |k| 1 implying 1 + k 2 ≈ 1. By solving Eq. (14) with respect to the ratio T /τ and ω, we find
Moreover, the angular frequency of the oscillations at this bifurcation point is
The fixed point is stable for T τ < ρ cr . This shows that the increase of τ (e.g, the increase of the optical quality factor) or the decrease of the WGMR linewidth (i.e., the inverse of τ ) further stabilizes the system. Equations (15) and (17) show that the bifurcation point and the oscillations at this bifurcation point exist if and only if |R| > 1/4. If |R| < 1/4 meaning ≤ 2.318 or A st ≤ 1.2, the nontrivial fixed point is unconditionally stable. This corresponds to the values of the loop gain for which the filtering and the feedback terms interplay equally independently of the timedelay. A time-delay of any length can therefore be used. If |R| > 1/4 meaning > 2.318, we note from Eq. (15) that the stability of the OEO depends on the ratio between the time delay T and the total lifetime τ of the photon in the resonator. It also depends on the effective OEO loop gain since R is a function of (see Eq. (10)). Figure 2 (a) shows Hopf bifurcation lines in terms of ρ cr = T /τ and for different values of k. We note that T < τρ cr is always fulfilled for 2.318 implying that the microwaves are unconditionally stable for these values. It means that the delay of any length can be used in this case. For 2.318 (i.e., |R| > 1/4), the time delay T should be chosen so that T < τρ cr . In particular, it is found that stable microwaves with an amplitude larger than 1.4 (i.e larger than 3.415) can never be obtained when the delay T is larger than the overall photon lifetime τ . We have found numerically that just before the bifurcation point, the system experiences damped oscillations towards the stable state while such oscillations are sustained just above the bifurcation point. In both cases, the oscillation frequency is the same. Figure 2 (b) shows the angular frequencies of the oscillations at the bifurcation points as a function of the effective overall gain loop. As it can be seen, the oscillation frequency is almost linear with respect to if k = 0. Equation (17) also shows that such frequencies are proportional to the inverse of the time delay T .
B. Case k = O(1), i.e., |σ | and τ −1 Are of the Same Order of Magnitude
Large values of σ = ω L − ω 0 are obtained when the laser radiation is far away from resonance. More power is therefore needed to pump the WGMR optical mode of interest. This is evidenced in Eq. (6) where it is seen that the increase of |σ | is accompanied by the decrease of the overall OEO loop gain. To investigate the influence of σ on the OEO stability, we consider here the case for which |σ | and τ −1 are of the same order of magnitude.
An analytical expression of the Hopf bifurcation point for any value of k can be obtained from Eq. (14) in parametric form. Specifically, we consider z as a parameter and extract R using Eq. (14):
Using Eq. (14), we obtain y as
where p is an integer. Having y, the ratio T /τ is obtained as y/z. If k = 0, we recover Eq. (15) . In general, a family of solutions using different values of the integer p can be obtained for each value of k. We are interested, however, in finding the minimum value of p for which y > 0. It gives the first bifurcation responsible for the change of stability of the fixed point.
To illustrate the influence of σ on the OEO stability, we show in Fig. 2 the boundary curve of the stability (a) and the angular frequency near the bifurcation point (b) for k = 1 (red) and k = 2 (blue). These different curves can be compared with that obtained for k ≈ 0 shown in the same plot. These two curves indicate that the region of stable microwaves shrinks as |σ | increases. For example, if k = 2 (i.e σ = 2τ −1 ), the generated microwaves are unstable when T /τ > 0.5 if = 2.5, while this instability occurs above T /τ > 1.5 for the same when k = 1 (i.e σ = τ −1 ). However, the critical value of below which the fixed point is always stable remains almost unchanged for different values of σ . In addition, the influence of σ on the microwave stability is negligible for large values of as all the bifurcation lines in Fig. 2 (a) are coming closer. However, Fig. 2 (b) evidences that the frequency of the oscillations near the bifurcation point significantly changes with |σ | for different values of .
V. NUMERICAL SIMULATIONS
In order to confirm our analytical predictions, Eqs. (1) and (2) WGMR and optical fiber) . The amplifier gain G 0 is the experimental parameter which can be typical varied and ηG 0 P 0 is the effective power in the microwave loop. These parameters lead to an overall lifetime τ = 84.1 ns corresponding to a Q-factor Q = 10 8 for a laser operating at λ = 1552.2 nm, φ = −π/4, v = 0.
The results of the computed bifurcation diagram as a function of the effective loop gain for T = 0.1 μs (i.e., 200 m of fiber length ) are shown in Fig. 3 (with this value of T , the ratio T /τ is ≈ 1.19). As it can be seen in this figure, stable microwave emissions are obtained for 1 < 3.19 (with our considered parameters, this occurs for 30.1 dBm ≤ ηG 0 P 0 ≤ 35.2 dBm). For ≤ 1 (i.e., ηG 0 P 0 ≤ 30.1 dBm), there is no microwave emission ( A(t) = 0 as predicted in [18] ). This solution corresponds to zero RF voltage applied to MZM. However, for 3.19 (i.e., A(t)
1.369), the OEO generates complex dynamics. Here, RF voltage applied to MZM is either a multi-periodic signal or a more complex signal which appears to be chaotic. The destabilization of the stationary state from ≈ 3.19 is in excellent agreement with our analytical results in Fig. 2 which predicts that the fixed point loses its stability for a gain higher than = 3.19 if the ratio T /τ > 1.19. Different types of dynamics are observed depending on . Figure 4 shows some typical envelope dynamics for different values of near the bifurcation points using the same initial conditions. It can be seen that A(t) decays to zero or increases to a nonzero stationary value for = 0.95 (a) [i.e., ηG 0 P 0 = 29. Just below = 3.19 (i.e., ηG 0 P 0 ≈ 35.2 dBm), the system shows damped oscillations [see Fig. 4(b) ]. Just above = 3.19, the oscillations become sustained [see Fig. 4(c) ] while keeping the same oscillation frequency (the frequency value of these oscillations is predicted in Fig. 4 (b) ).
We next investigate the microwave emission in terms of the time delay T and the loop gain . Figure 5 shows in color scale the microwave amplitudes where they are stable. In (a), the color scale shows the analytically obtained amplitudes if the condition T < ρ cr is satisfied, i.e., the parameter region for which stable microwaves are generated, while in (b) we show the amplitudes when the difference between the extrema in the time series is less than 10 −5 . In both (a) and (b), we note that if the microwave amplitude is larger than 1.2, the stability strongly depends on the delay size and the overall photon life time.
VI. DISCUSSIONS
For k ≈ 0, the above-mentioned threshold of the effective gain for unconditionally stability (i.e., ≈ 2.318) remarkably corresponds to the value above which traditional OEOs based on long optical fibers (i.e the same architecture as here, but without WGMR) have been found to become unstable [6] . In order to investigate an eventual link between the stability of the two architectures, we recall that the deterministic model to describe traditional fiber-based OEOs without resonator is given by [6] :Ȧ
where γ is the effective gain and μ is the half-bandwidth of the RF filter in the microwave branch. The variational equation associated to the non-trivial solution of this model is given by
where prime denotes the derivative of the Bessel function relatively to its argument A st . As
it turns out that characteristic equation for the growth rate is
According to [21] , all the real parts of λ are negative if the product μT < ρ cr with
Replacing the inverse of the overall photon lifetime τ −1 in Eq. (15) by the half-bandwidth of the RF filter μ, the bifurcation point above which this fiber-based OEO without WGMR becomes unstable is exactly the same as the one for which a WGMR is also inserted in the OEO loop. More concretely, for k ≈ 0 (i.e., σ ≈ 0), the characteristic equation defining the stability of WGMR-based OEOs [i.e., Eq. (11)] is similar to Eq. (22) which defines the stability of fiber-based OEOs without WGMRs. This shows that, for σ = 0, the stability of the two architectures can be investigated using the same equation. For example, we note that Eq. (7) reduces to Eq. (21) for σ = 0. By solving Eq. (11) for σ = 0 and Eq. (22), we find that the stability of the two OEO architectures mainly depends on the product of the time delay and the OEO bandwidth. Even for traditional OEOs, the stability boundary condition regarding this product has never been emphasized. In [6] , the authors only considered the case for a fixed delay of T = 20 μs (i.e., 4 km of fiber length ). We would like to mention that in traditional fiber-based OEO architectures, the product μT is typically larger than ρ cr . Our results therefore explain why stable microwaves have been obtained in these systems only for effective gain values which lead to unconditional stability.
For k = 0 (i.e., σ = 0), the mathematical model to investigate the linear stability of fiber-based OEOs with WGMR cannot be compared with that used for linear stability analysis of traditional fiber-based OEOs without resonator. The linear stability of fiber-based OEOs with WGMR is investigated from Eq. (7) while that of traditional fiber-based OEOs without resonator is investigated from Eq. (21) . The results show that, for any k, the values of the effective loop gains for unconditional stability are almost the same as those found for k ≈ 0. This means that, for the two OEO architectures, the unconditional stability depends only on the effective gain. However, the boundary stability points differ for the effective loop gains for which the stability depends on the ratio T /τ . This difference is particularly noticeable for the effective gains 2.318 4 (i.e., 33.8 dBm ηG 0 P 0 36.1 dBm) where the stability of WGMR-based OEOs strongly depends on the parameter σ [see Fig. 2(a) ]. The critical value of T /τ above which microwaves loose their stability becomes smaller with the increase of σ . For 4, the stability of WGMR-based OEOs still depends on σ , but it is not as significant as in the former case.
VII. CONCLUDING REMARKS
We have led a joint analytical and numerical study the effect of time delay on the stability of an OEO based on a WGMR and a delay-line. This stability analysis has allowed us to distinguish between two different ranges of the effective OEO loop gain which can lead to stable microwave generation.
For effective OEO loop gain below a given critical value, the generated microwaves are unconditionally stable. Beyond this critical value, the stability of the microwaves strongly depends on the ratio between the time delay and the overall photon lifetime. This stability depends on these three key parameters: the effective overall loop gain, the time delay and the filter bandwidth. Beyond WGMRs, any optical cavity with narrow band can be used for filtering. We expect the same conclusions if a phase modulator is used instead of MZM. Our results are important for the design optimization of these microwave photonics oscillators. It is important to note that large values of the effective gain (i.e., large optical powers) may cause significant nonlinear effects in the WGMR. In the future work, we plan to investigate how the stability of the system depends on the WGMR nonlinearity.
As a final remark, we have noted that, for the effective OEO loop gains leading to unconditional stable fixed points, other types of solutions similar to external cavity modes of a semiconductor laser subject to optical feedback are possible when the laser radiation is far away from resonance. Our preliminary analytical and numerical results indicated that the emergence of such solutions strongly depends on the ratio between the delay and the overall photon lifetime. He is currently the Research Director with the Fonds National de la Recherche Scientifique and a teacher on laser dynamics and asymptotic techniques. Preference is given to collaborative projects with experimental groups and his favorite tools are combinations of numerical and analytical techniques. He has authored two books and over two hundred papers. His current interests concentrate on delay differential equations in all areas of science and, in particular, lasers and nonlinear optics.
